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Abstract 
In this paper we study the problem of partitioning point sets in the plane so that each 
equivalence class is a convex polygon with some conditions on the intersection properties of 
such sets. Let P be a set of n points in the plane. We definef(P) to be the minimum number of 
sets in a partition into disjoint convex polygons of P and F(n) as the maximum off(P), over all 
sets P of n points. We establish lower and upper bounds for F(n). We also estimate the 
maximum of the minimum number of sets in a partition into empty convex polygons, over all 
sets of n points. Finally, we consider the maximum of the minimum number of convex polygons 
which cover the n points set P, over all sets P of n points. 
1. Introduction 
In 1979, Erdas [l] asked the following combinatorial geometry problem. For 
n(k) Z 3, find the smallest integer n(k) such that any set of n(k) points in the plane, no 
three collinear, contains the vertex set of a convex k-gon, whose interior contains no 
point of the set. The value of n(4) was found by Klein [2] and n(5) was determined by 
Harborth [3]. Horton [4] showed that n(7) does not exist. We consider here a related 
problem. 
Let P be a set of IZ points in the plane, no three collinear. A partition of P is called 
a conz~x partition if P is partitioned by k subsets S1, Sz, . . . , S,;USi = P, such that each 
Si is a convex polygon the number of whose vertices is I&l. Let II(P) be a convex 
partition of P such that each CH(Si) is disjoint from the others, CH(Si) n CH(Sj) = 0 
for any pair of i,j where CH(S) refers to the convex hull of the point set S. Given 
a point set P, let f(P) denote the minimum number of disjoint convex polygons over 
all convex partitions of P. Define F(n) = max{f(P)}, over all sets P of n points in the 
plane. Our first problem is to determine F(n). We show that 
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Next, we consider a related problem. We call a convex polygon determined by some 
points of P empty if the convex polygon contains no point of P in its interior. Given 
a point set P, let II’(P) be a convex partition of P such that each CH(SJ is empty and 
g(P) be the minimum number of empty convex polygons in any W(P). Define 
G(n) = max{g(P)}, over all sets of n points in the plane. Then we show that 
Note that the inequalityf(P) > g(P) holds for any set P of n points in the plane, that 
is, a set of disjoint convex polygons is also a set of empty convex polygons. Hence 
F(n) > G(n) holds for every positive integer n. In addition, there exists a set P in which 
the inequality is strict. This is shown in Section 2. 
The third problem we consider is the following. Given a set P of n points in the 
plane, no three collinear, estimate the minimum number of distinct convex polygons 
which cover P. Let h(P) be the minimum number of sets in a convex partition of P. 
Define H(n) = max{h(P)}, over all sets P of n points in the plane. Then we show that 
n 2n 
log, n + 2 
< H(n) < 
log,n - log, e’ 
2. Upper bounds 
In this section we prove the following results. 
Theorem 1. F(n) < [2n/71. 
Theorem 2. G(n) < [3n/lll. 
We first state the following lemma which will be useful in determining a bound for 
F(n). In this section, we use the notation (a, b) to refer to the line segment from a to 
b and Z to refer to the extended straight line associated with two points a and b. 
Lemma 3. For any set of seven points in the plane, no three collinear, there exist two 
disjoint convex polygons, one of which is a triangle and the other is a convex quadrilat- 
eral; F(7) < 2. 
Proof. Let Q be a set of seven points in the plane, no three collinear. If CH(Q) is either 
a seven-gon or a hexagon, the lemma is trivial. So consider the cases where it is 
a pentagon or a quadrilateral or a triangle. 
Case 1: Suppose CH(Q)is a pentagonx ,, 1 2 3 x x x x 4. Consider the two remaining 
points yo, y,. If the extended straight line y, y, intersects two adjacent edges of 
a pentagon, say x0 x1 and x0 x4 (Fig. l(a)), we have two disjoint convex polygons 
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which are a triangle x0 y, y1 and a quadrilateral x1 x2 x3 x4. So suppose y. y, 
intersects the nonadjacent edges, say x1 x2 and x3 x4. Then x2 x3 yr y. is a convex 
quadrilateral and x0 x1 x4 is a triangle (Fig. l(b)). 
Case 2: Suppose CH(Q) is a quadrilateral x0 x1 x2 x3. It contains three other points 
yo, y,, y2. If the extended straight line associated with an edge of the triangle y. y, y2 
intersects two nonadjacent edges of the quadrilateral CH(Q), we have a convex 
quadrilateral and a triangle which are disjoint. So we may suppose every extended 
straight line associated with an edge of the triangle intersects two adjacent edges of the 
quadrilateral. Then there exists a triangle determined by three points of the quadrilat- 
eral, say x0 x2 x3, which does not contain yo, yl, y, (Fig. 2). We may suppose y. is the 
vertex of the triangle y. y, y2 closest to (x0, x2), where distance is measured perpen- 
dicular to x0 x2. Then the quadrilateral x0 y. x2 x3 and the triangle xi yl y2 are 
disjoint. 
Case 3: Suppose CH(Q) is a triangle x o 1 x x 2. Again we have two subcases. 
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Fig. 3. 
Subcase 3.1: The convex hull of the remaining four points is a quadrilateral 
y. yl y2 y3. Consider the pairs of line segments {(yo, YJ, (y2, ~4) and ((~0, ~4, 
(yr, y2)}_ Extend each of the line segments. In each pair either the extended straight 
lines intersect or not. The three possibilities are shown in Fig. 3. The lines determine 
two regions R1 and R2 (each of which is either a cone or a slab), also shown in the 
figures, which are inside the triangle. 
Notice that the region RI n R2 is the quadrilateral y. yl y2 y3. If the region R1AR2 
contains at least one vertex of the triangle x o i x x 2, then there exists a convex 
pentagon C and a line segment which are disjoint, where the symbol A denotes the 
symmetric difference of RI and R2, Let u be the vertex of the pentagon C closest o the 
line segment. Then u and the line segment comprise a triangle which is disjoint from 
the convex quadrilateral C - {u>. Otherwise, let Ai and A2 be the outer half planes 
determined by extended straight lines associated with edges of the quadrilateral, say 
y. y, and y2 y,, respectively (Fig. 4). Then three points x0, x1, x2 are contained in the 
region Aiu A,. Therefore one of the regions, say Al, contains exactly two points in 
CH(Q), say x0,x1. Then we find a convex quadrilateral x0 x1 y, y. and a triangle 
x2 Y2 Y3- 
Subcase 3.2: Finally, suppose the convex hull of the four points inside x0 x1 x2 is 
another triangle y. y, yz. Again, let z be a point inside y. yl y2. Consider the three 
regions determined by the angles y. z y,, y1 z y2, y2 z yo. One of these, say y. z y2, 
contains exactly one vertex of the triangle x0 x1 x2 (Fig. 5). Hence there exist a convex 
quadrilateral x0 y, z yz and a triangle x1 x2 y,, which are disjoint. 
This completes the proof. 0 
Proof of Theorem 1. For any collection P of n points, we can divide the plane into 
r n/7 1 convex regions, each containing at most seven points as follows. Consider a line 
L such that it is not parallel to any of (;) line segments which join any two points in P. 
We move L in a direction orthogonal to itself until exactly seven points are on one side 
of L. We may continue in the same manner so that there exist [n/71 disjoint convex 
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regions each of which have just seven points. Let I/ be the remaining points set. If the 
size of V is at most three, CH(V) is a convex polygon disjoint from all the previous. 
Otherwise, there exist at most two convex polygons disjoint from all the previous. In 
both cases, P can be covered by at most r2n/71 disjoint convex polygons by Lemma 
3. 0 
The upper bound cannot be improved to 3n/ll (Fig. 6). However we next show that 
G(11) < 3. We remark that Theorem 1 and Fig. 6 imply the equality F(ll) = 4. Thus 
the inequality F(n) > G(n) holds for n = 11. 
Lemma 4. G( 11) d 3. 
Proof. Let S be a set of 11 points in the plane, no three collinear. If CH(S) is a k-gon 
(k 2 6), then there exists an extended straight line I associated with an edge of the 
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Fig. 6. 
Fig. 7. 
convex hull of the remaining points S - CH(S) such that I separates a convex i-gon 
(i 2 4) disjoint from the remaining at most seven points (Fig. 7). 
By Lemma 3, we therefore find three disjoint convex polygons. Since a set of disjoint 
convex polygons is a set of empty convex polygons, then there exist three empty 
convex polygons. In this proof, we may suppose 
(*) there does not exist such an extended straight line 1 
that is, an 1 that separates an empty convex i-gon (i > 4) and at most seven points. We 
call a subset T (I TI = 7) of S a good 7-points if the convex hull of T does not contain 
any of the other points of S. We distinguish the following cases. 
Case 1: CH(S) is a pentagon x O 1 z 3 x x x x 4. By (*), we can omit the cases that the 
convex hull of the remaining six points is either a triangle or a quadrilateral. Therefore 
we may suppose that the convex hull of the remaining points, say CH(S’), is either 
a pentagon or a hexagon. Again by (*), we suppose that each point of S’ is contained in 
a triangle Xi Xi + 1 Xi + 2. Moreover, we may suppose none of the triangles xi xi+ i Xi+ z is 
empty, since xi Xi+ 1 xi+2 u is a convex quadrilateral disjoint from the other seven 
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points where u is the point of S - {xi, Xi+ 1, xi+,} closest to Xi xi+z. If CH(S’) is 
a hexagon, then there exists an empty convex quadrilateral whose vertices are xi, xi+ z 
and two neighbor points in CH(S’) (Fig. 8(a)). If CH(S’) is a pentagon, then there exist 
five convex quadrilaterals with vertices xi, xi + z and two neighbor points in CH(S’) by 
(*) (Fig. 8(b)). Let z be a point inside the pentagon CH(S’). If any of these convex 
quadrilaterals is not empty, then each of them must contain the point z, that is they 
intersect in the plane, which is impossible. Thus, in both cases, we can separate an 
empty convex quadrilateral and a good 7-points. Therefore there exist three empty 
convex polygons by Lemma 3. 
Case 2: CH(S) is a quadrilateral x x x x 0 1 2 3. If the convex hull of the remaining 
points is a seven-gon, then there exist three disjoint convex polygons which are two 
line segments x0 x1 and x2 xs and a seven-gon. Therefore we have three subcases. 
Subcase 2.1: Suppose the convex hull of the remaining seven points is a hexagon 
y. y1 y2 y3 y4 y,. Let z be the point inside a hexagon. Consider two regions deter- 
mined by a diagonal of the quadrilateral. One of the regions, say x0 x1 x2, contains 
none or one or two or three vertices of the hexagon. If it contains none, u x0 x1 x2 is 
a quadrilateral disjoint from a good 7-points, where u is the closest point to G in 
the remaining eight points. If it contains one vertex of the hexagon then there is 
another way of partitioning the quadrilateral using the regions x0 x1 x3 and x1 x2 x3 
so that one of the regions does not contain the remaining seven points S - CH(S) by 
(*). Therefore we can find a convex quadrilateral disjoint from a good 7-points. Next 
we consider the case that the region contains two vertices of the hexagon. If it does not 
contain the point z, then there exist an empty quadrilateral and a good 7-points by the 
same argument as in Case 1. If it contains z and two vertices of the hexagon, say yo, y,, 
then we find a good 7-points and a disjoint quadrilateral x1 y. z y1 by (*) (Fig. 9). 
Now we suppose both regions contain three vertices of the hexagon. Consider the 
region which does not contain z. Let the triangle x0 x1 x2 be such region and y,, yl, y2 
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Fig. 11. 
be the vertices of the hexagon. If x1 y. y, y, comprise a convex quadrilateral disjoint 
from the remaining seven points, then the lemma is satisfied (Fig. 10). 
Otherwise the outer half planes determined by the extended straight line x1 y. 
(x1 yz) contains exactly one point x0 (x2) by (*). Therefore x0 x2 y2 y. is an empty 
convex quadrilateral and the remaining points are a good 7-points (Fig. 11). 
Subcase 2.2: Suppose the convex hull of the remaining points is either a pentagon 
y. yl y2 y, y4 or a quadrilateral y. y1 y2 y3. For two regions determined by a diagonal 
of the quadrilateral, we suppose again that one region, say x0 x1 x2, contains at most 
one vertex. Then we can separate a convex quadrilateral from a good 7-points by the 
same argument as in Subcase 2.1. We suppose the region x0 xi x2 contains two 
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vertices, say yo, yl, in the convex hull of the remaining points. If the convex quadri- 
lateral x0 x2 y. y, is empty, then the other points are a good 7-points by (*). 
Otherwise, some of the remaining points are in it. Consider a convex hull of 
S - {xi, yo, yl}, say C. Let v be the vertex of C which is not x0, x2 closest to 
y, yl. Then by (*) x1 y. v y, is a disjoint convex quadrilateral and the other points are 
a good 7-points. 
Subcase 2.3: Suppose the convex hull of the remaining seven points is a triangle. 
Then, by (*), we can easily find a disjoint convex quadrilateral and a good 7-points. 
Case 3: CH(S) is a triangle x0 x1 x2. If the convex hull of the remaining eight points 
is an eight-gon then there exist three disjoint convex polygons which are an eight-gon 
and line segment x0 x1 and a single point x2. Again we distinguish the following 
subcases. 
Subcase 3.1: Suppose the convex hull of the remaining points is a seven-gon. Let yi 
(i = 0, 1,2) be the vertex of the seven-gon closest to an edge (xi, xi+ i) of the triangle 
CH(S). First, we suppose (yo, yi) is an edge of the seven-gon. By (*) and the fact that y. 
is the closest point to the edge x o x i, one of the outer half planes determined by xi y. 
contains just one point x0. And since y, is also closest point to the edge x1 x2, then one 
of the outer half planes determined by xi y1 contains just one point x2. Now we take 
the vertex v of CH(S - {xl,yo, y,>) which is not x0, x2 closest to y, y,. Then 
x1 y, o yi is a convex quadrilateral disjoint from the other points which are a good 
7-points. Therefore none of (yi, yi+ i) is an edge of the seven-gon, that is, we may 
suppose at least one of the three triangles which consist of yi and an edge of CH(S), say 
x0 xi yo, is a triangle disjoint from the remaining points whose convex hull 
CH(S - {x0, x1, y,}) is either a hexagon or a seven-gon (Fig. 12). Then we can 
separate the eight points into two disjoint convex polygons by dividing the points by 
any line 1 that goes through the single interior point, or the line I that goes through the 
two interior points. Hence we find three disjoint convex polygons 
Subcase 3.2: Suppose the convex hull of the remaining points is a hexagon 
y, y,y2 y3 y, y,. Let zo, zi be points inside the hexagon. By the same argument as in 
Subcase 3.1, we may suppose the vertex y2i is the closest point to an edge (xi, xi+ i) of 
the triangle CH(S). If there exists a point z0 inside one of three triangles 
y, i_ 1 y2i y2 i+ 1, then the convex hull of S - (xi, xi+ 1, y2 i} is either a hexagon or 
a seven-gon. Therefore we find three disjoint convex polygons. Otherwise, both points 
z. and z1 are inside the triangle yi y, ys. Consider the extended straight line x1 yl. If it 
separates the points z. and zl where we may assume z. is on the same side of xl yl as 
y,, then there exist three disjoint convex polygons one of which is a pentagon 
xl y, z. y3 y, and the other polygons are the two triangles x0 x2 y,, y. y, z,. Another 
case is that the remaining points z. and zl are on the same side of x1 yl, say, as y2 
(Fig. 13). We consider the quadrilateral y. yl y3 y,. Then there exist two disjoint 
triangles, say y, y3 z. and y. y5 zl. Thus xl y, z. y3 y, is a convex pentagon and 
x0 x2 y,, y, ys zl are triangles which are disjoint. 
Subcase 3.3: Suppose the convex hull of the remaining points, say CH(S’), is either 
a pentagon or a quadrilateral or a triangle. Let yi be the vertex of CH(S’) closest to 
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(xi, xi+ I), an edge of a triangle CH(S). In this case, since some line segment (yip yi+ 1) is 
an edge of CH(S’), then there exist a disjoint convex quadrilateral and a good 7-points. 
This completes the proof of Lemma 4. •! 
Proof of Theorem 2. For all collections of n points P, by the same argument as in 
Theorem 1, we obtain Ln/ll J disjoint convex regions each of which have just 11 
points and a convex region containing at most 11 points. By Lemma 4, we therefore 
find 3 Ln/ll J empty convex polygons. Let V be the remaining points set. If the size of 
V is at most seven, V can be covered by two disjoint convex polygons by Lemma 3. 
Otherwise, there exist at most three convex polygons disjoint from all the previous. In 
both cases, P can be covered by at most r 3n/ll1 empty convex polygons by Lemma 
4. q 
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Now we have shown that G(n) 6 r3n/lll. We think that our upper bound is still 
fairly loose but we could not improve it to n/4. Fig. 14 shows eight points for which 
three empty convex polygons are needed, G(8) = 3. 
3. Lower bound 
This section gives a lower bound for G(n) since the inequality F(n) > G(n) holds for 
every positive integer n. 
Theorem 5. F(n) 2 G(n) B r(n - 1)/4lf0r n 2 lo. 
Proof. To prove Theorem 5 we construct a configuration of n points for which 
G(n) >/ r(n - 1)/41. Draw an equilateral Ln/2 J-gon C in the plane and label its vertices 
01, V2, +.., uLn/2j Let %- 1, i+ 1 be the midpoint of (tii- r, Ui+ 1). Place the other Ln/2] 
points inside a triangle vi_ 1 vi vi+ 1 close to ni_ i, i+ 1 such that no three points are 
collinear if Ln/2] is even, and if n is odd, place an additional point close to the 
center of C, as indicated in Fig. 15. Then no three points on C are contained in a 
convex polygon. Therefore the resulting set of points G(n) satisfies the condition of 
Theorem 5. 0 
4. The general case 
In this section, we determine the minimum number of distinct convex polygons 
which cover a collection of n points. To arrive at our result, we invoke the well-known 
Erdos-Szekeres theorem. 
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Theorem A (Erdos and Szekeres [2]). Let ES(m) be the smallest integer such that any 
collection of ES(m) points in the plane, no three collinear, contains m points which are the 
vertices of a convex m-gon. Then 
2”-2 + 1 6 ES(m) < “,“I,” + 1. 
( > 
We now prove the following result. 
Theorem 6. 
n 2n 
log, n + 2 
< H(n) < 
log, n - log, e 
for n 2 3. 
Proof. First we show the lower bound. By Theorem A, there exists a collection of 
n points in the plane, no three collinear, which does not contain the log,n + 2 vertices 
of a convex polygon. Therefore, 
H(n) > It 
log,n+2’ 
We show the upper bound by induction on n. The inequality (?Z:) < 22m-4 
implies a lower bound for m, namely, m > k : = {log, (n - 1) + 4}/2. This shows that 
every collection of n points in the plane, no three collinear, contains the k vertices of 
a convex polygon. Then 
H(n) < 1 + H(n - k) c 1 + 
2(n - k) 2n 
log,(n - k) - log2 e < log2 n - log2 e ’ 
This completes the proof. 0 
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Remark. The last inequality in the above proof can be shown by the elementary 
calculus for n 2 13. However, it also follows from 
2 2n 
-- n < 
7 log, n - log, e 
(3 d n < 347). 
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